We analyze the quantum mechanics of anyons on the sphere in the presence of a constant magnetic field. We introduce an operator method for diagonalizing the Hamiltonian and derive a set of exact anyon energy eigenstates, in partial correspondence with the known exact eigenstates on the plane. We also comment on possible connections of this system with integrable systems of the Calogero type.
Introduction
Anyons [1] have been a recurring theme in two-dimensional physics. Apart from their relevance to various physical situations, most notably the fractional quantum Hall effect [2] , they are also of substantial theoretical interest as they represent an extension of the ordinary quantization of identical particles that exhibits novel features and presents new analytical challenges.
Abelian anyons have been connected or related to other instances of particles obeying non standard statistics. Specifically, in one dimension the Calogero integrable model has been identified as a system of particles obeying fractional statistics [3] and it motivated the definition of exclusion statistics [4] . There are several indications that the Calogero model is related to a reduction of an anyon model [5] . This correspondence was made exact in [6] , where the two-dimensional anyon model in an isotropic harmonic well was mapped on the one-dimensional integrable Calogero model in a harmonic potential. More precisely, an explicit N-body kernel was constructed relating the N-body harmonic Calgero eigenstates to a special class of N-anyon exact harmonic eigenstates, the so-called linear states. (These states are only a sector of the full anyon spectrum, which remains so far essentially unknown.) This explicit N-body kernel mapping, along with thermodynamic arguments going back to the nineties [7] , demonstrate that the one-dimensional harmonic Calogero model is in fact a particular projection of the two-dimensional harmonic anyon model, the exchange anyonic statistical parameter α being identified with the Calogero parameter g, where g(g − 1) is the strength of the inverse square potential. In the thermodynamic limit ω → 0 this pattern survives, again indicating the identity of the two models in the continuum.
The anyon linear states mapped on the Calogero states have a very simple form: they are a product of a particular set of two-dimensional harmonic oscillator 1-body eigenstates times a mutivalued Jastrow factor which encodes the anyonic statistics.
This set amounts to selecting among the two-dimensional harmonic oscillator states with radial excitation quantum number n ≥ 0 and angular momentum quantum number m ∈ Z the subset n = 0, m ≥ 0, which would correspond, if an additional perpendicular magnetic field were added and coupled to the particles, to LLL quantum states. The two-dimensional harmonic spectrum ω(2n + |m| + 1) is thus restricted to a one-dimensional harmonic spectrum ω(m + 1) where m ≥ 0 stands now for the one-dimensional harmonic quantum number. In thermodynamic terms the twodimensional harmonic partition function is reduced to its one-dimensional counterpart
e −βω(m+1) = e −βω/2 2 sinh(βω/2) = Z 2d (1.2) In the ω → 0 thermodynamic limit, Z 2d should become the infinite volume (here area) partition function, i.e., Z 2d → S/(2πβ) where S is the infinite area of the twodimensional box (looking at (1.1) this implies that when βω → 0 the thermodynamic limit prescription 1/(βω) 2 → S/(2πβ) should hold). It then follows from (1.2) that
where L stands now for the infinite length of the onedimensional line, a clear indication that a 2d → 1d dimensional reduction has taken place.
This suggests that one should also be able to achieve the same correspondence when the Calogero particles are not confined by a harmonic well but by any other
means. An obvious alternative confinement would consist in putting the particles on a circle of radius R, the thermodynamic limit now being R → ∞. The Calogero model on a circle, known as the Calogero-Sutherland model, is again an integrable model with exact N-body energy eigenstates expressed in terms of Jack polynomials.
In this light, one should be able to identify a relevant confined anyon model, with confining parameter R, for which a class of exact N-body anyon eigenstates could be mapped, through a certain N-body kernel, on the N-body Calogero-Sutherland eigenstates, as it is the case with an harmonic confinement. A natural choice for such a model would be a system of anyons confined on a sphere of radius R.
In terms of 1-body spherical eigenstates with two-dimensional angular momentum quantum numbers j and m (−j ≤ m ≤ j), energy j(j + 1)/(2R 2 ) and degeneracy 2j + 1, one should be able to select a subset containing two states at the same energy
. In thermodynamics terms the spherical partition function,
would then be reduced to its one-dimensional counterpart
which is indeed the partition function on a line of infinite length L = 2πR when R → ∞.
These and other considerations motivate us to study anyons on the sphere in the presence of a constant magnetic field and seek exact N-anyon eigenstates. Surprisingly, even the simplest 2-anyon spherical problem turns out to be highly nontrivial and, as far as we can see, is not explicitly solvable, in contrast to the corresponding planar situation where the 2-anyon problem is fully solvable.
Nevertheless, we will identify a class of exact analytic energy eigenstates for the N anyon problem. The energy spectrum of these eigenstates, however, does not match the one of one-dimensional Calogero-Sutherland eigenstates. This is somewhat disappointing, although not necessarily damning for the possibility of an exact mapping, presumably through a different set of states as yet to be uncovered.
So we embark in a detailed study of anyons on the sphere 1 . We will present a pedagogical review of the quantum mechanics of a charged particle on a sphere in a constant magnetic field [9] , with emphasis on symmetries and angular momentum, and will derive the monopole quantization as a requirement for rotational invariance.
A convenient set of complex coordinates and an operator reformulation will be proposed, which greatly facilitate the derivation of energy eigenstates. Moving on to anyons on the sphere, we will review their general definition and the mixed quantization condition for the anyon statistics parameter and the magnetic flux. For comparison purposes, we will also review anyons on the plane in a constant magnetic field, derive the exactly known linear states and recover the full set of states in the 2-anyon case. The operator techniques developed for a single particle will help us analyze the many-body anyon problem and will allow for the identification of a set of exact analytic energy eigenstates that parallel the planar ones, although not in full correspondence. We will conclude with an appraisal of the prospects for an exact mapping to a Calogero type model. 1 There have already been several attempts at this problem in the past [8] .
A single particle on the sphere
We start by reviewing the quantum mechanics of a spinless particle on the sphere in order to introduce a new set of complex coordinates and establish a few facts and tools that will be useful in the many-body anyon case.
The free particle
We consider a free particle of mass m = 1/2 on a sphere of unit radius. Its Hamiltonian is the negative of the Laplacian on the sphere
with θ, ϕ the polar and azimuthal angle coordinates.
Using the projective complex coordinate
the Hamiltonian (2.1) in coordinates z,z becomes
is a measure factor. Wavefunctions φ are normalized according to
The presence of the measure factor in (2.2) modifies the hermiticity properties of operators. Taking it into account we derive, for ∂ ≡ ∂/∂z, ∂ ≡ ∂/∂z
The angular momentum generators are
They satisfy SU(2) commutation relations and, upon using (2.3), they are Hermitian.
The Hamiltonian commutes with J i and is actually the angular momentum squared
We now define new, asymmetric complex coordinates on the sphere
Adopting the notation ∂ z = ∂/∂z| u=const for the z-derivative in the z, u coordinates (distinct from ∂ = ∂/∂z|z =const which is the z-derivative in the z,z coordinates), the Hamiltonian in the z, u coordinates takes the form
while the angular momentum operators become
We observe that the measure factor disappeared from the Hamiltonian and that J − became a simple derivative.
Energy eigenstates are found by identifying angular momentum eigenstates. Angular momentum j states φ of lowest J 3 satisfy
which has as unique solution φ = u j , so eigenstates of H = J 2 and corresponding energy eigenvalues are
Single-valuedness and regularity of φ near z = 0 requires j to be a non-negative integer. All such states for j = 0, 1, 2, . . . are normalizable, since u = z/(1 + zz) ∼z −1 as |z| → ∞.
Degenerate higher angular momentum states are found by acting with J + . When J + acts on terms z m u k it gives a term z m+1 u k plus terms with lower powers of u. Top angular momentum states with J 3 = j are annihilated by J + . Such states are functions of z − z 2 u only, and to be also eigenstates of J 3 with eigenvalue j is they must be of the form (z − z 2 u) j , so z appears with highest power z 2j . Overall, the full set of degenerate states at energy E = j(j + 1) is
which generates the 2j + 1-dimensional angular momentum j multiplet.
Constant magnetic field and Landau levels
We now introduce a constant magnetic field on the sphere that couples to the particle.
A gauge potential that produces such a field in the symmetric gauge is an azimuthal one
We chose a gauge where the Dirac string bringing in the magnetic flux is at the south pole (z = ∞). We will also assume particles of unit charge throughout the paper.
Gauging the derivatives ∂, ∂ in the coordinates z,z leads to the Hamiltonian
As usual, the Hamiltonian has ordering ambiguities: the two operators in the parentheseis could be ordered in the opposite order, or in a symmetric order. These orderings, however, differ only by a constant as can be explicitly checked, so they only shift the zero-point energy. (The term −B in the first expression would become +B or 0 in the opposite or symmetric orderings, respectively. On spaces of non-constant curvature and with non-constant magnetic fields ordering becomes a real issue.) We choose to order the Hamiltonian as in (2.4) and will also assume that B > 0 (what is meant is eB > 0 with the charge e of the particle set to 1). B < 0 is the parity-inverted case and is treated by taking z ↔z.
The number of flux quanta (monopole number) in the sphere is
At this point we do not require it to be an integer, therefore making the Dirac string at the south pole observable. The need for quantization will emerge when we require isotropy, as we will demonstrate.
The angular momentum operators now become
Note that the 3-dimensional position vector of the particle r = (
and thus the angular momentum satisfies the standard relation
We now move to coordinates z, u and also extract from the wavefunction of the particle φ a "magnetic factor" (1 + zz) B . Defining 2.6) the HamiltonianH acting onφ becomes
and is essentially as simple as in the B = 0 case.
The angular momentumJ i = (1 + zz) B J i (1 + zz) −B acting onφ in the z,z and u, z coordinates becomes
The inclusion of the magnetic factor shifted B fromJ − toJ + and broughtJ − to the B = 0 form. The relation ofH andJ i now is
The construction of energy eigenstates proceeds as in the B = 0 case. We do not rely on angular momentum representations as yet, since B is not quantized. Still,H andJ i commute so we can focus on 'bottom' states satisfyingJ −φ = 0, that is, functions of u alone. For them to be also eigenfunctions ofH they must be of the formφ n = u n ,
with n = 0, 1, 2, . . . labeling Landau levels. All such states are normalizable and eigenstates ofJ 3 with eigenvalue −n − B. Other degenerate states in the same Landau level are produced thought the action ofJ + , which again increases the power of z by one unit. The normalization of such states is found by the standard ladder construction
and since all these states have energy as is (2.8) we obtain
This means that normalizable states are obtained for 0 ≤ m ≤ 2n + 2B
So, in the presence of a non-quantized magnetic field B, there are 2n +⌊2B⌋+ 1 states at the energy level E = n(n + 2B + 1). However, the angular momentum algebra does not close on these states, sinceJ + acting on the highest stateJ 2n+⌊2B⌋ + u n produces a non-normalizable state. This signals the breakdown of rotational symmetry, which is due to the existence of an (observable) fractional Dirac string of flux B − ⌊2B⌋ at the south pole.
Rotational symmetry is restored when 2B = M with M an integer. This is the Dirac monopole quantization condition. In that case the angular momentum algebra closes and the highest state is
Returning to the original wavefunction φ in (2.6) and coordinates z,z, the states at Landau level n are, up to normalization
Their expression and normalization for a general m can be found explicitly, as will be shown in the next section.
Overall we recover Landau level n states as angular momentum j = n + B multiplets, n = 0, 1, . . . , with energy E n = j(j + 1) − B(B + 1). By choice of ordering we have made E 0 = 0, but E 0 = B and E 0 = B(B + 1) would also be natural choices.
Finite rotations and a generating function for Landau level states
Finite rotations map states within each Landau level, and can be used to generate the full set of states from any individual state. They are implemented in the complex pro-jective coordinates by a special conformal transformation. The most general rotation has the form
with ϕ a phase and w an arbitrary complex number. It performs the rotation that maps the north pole to the point with coordinate −w and the south pole to the pointw −1 , and then rotates by an angle ϕ around the new north pole. In the sequel we will set ϕ = 0 as w will be enough for our purposes.
In terms of the coordinates z ′ ,z ′ the partial derivatives and measure rewrite as
Writing the Hamiltonian (2.4) in the coordinates z ′ ,z ′ and dropping the primes we find
It is similar in form to (2.4) , but the gauge potential now has a string singularity at the new position of the south pole z =w −1 rather than at z = ∞.
Now perform the gauge transformation
We can check that the Hamiltonian acting on ψ ′ is identical to the original one (2.4).
The gauge transformation eliminated the string at z =w −1 and recreated it at z = ∞, restoring the gauge field to its original form.
However, for generic B the transformation (2.14) is singular (non-single-valued)
around the two singular points z =w and z = ∞ where it picks up a phase e i2πB .
Therefore, the Hamiltonians (2.4) and (2.13) are genuinely different: the Dirac string is observable and it moved to a new location. When the quantization condition 2B = M = integer holds, however, the gauge transformation is not singular anymore and the rotated sphere is equivalent to the original one. We recover, again, the monopole quantization condition as a requirement for rotational invariance.
The rotations (2.12) allow us to generate all the states in a Landau level at once:
starting from any state, rotating it according to (2.12) and then performing the gauge transformation (2.14) creates a new state degenerate with the original one. Since this holds for any w, each term in the expansion of the wavefunction in powers of w is a state in the same Landau level. In fact, we can obtain both the states (for any B)
and their normalizations (for 2B = M integer). Starting from the normalized lowest angular momentum state
(factorials are understood as Gamma functions for 2B noninteger) we perform the transformations (2.12, 2.14) and obtain the normalized general state φ n;w
Note that, apart form a constant normalization factor, φ n;w involves onlyw (and not w) and its expansion in powers ofw yields the higher states φ n,m :
For 2B noninteger (2.17) is an infinite sum and only terms up to m = 2n + ⌊2B⌋ produce normalizable states (2.9). For 2B = M integer the sum (2.17) truncates at m = 2B + 2n and all states are normalizable and orthogonal. φ n,m can now be written as explicit sums of up to m + 1 terms (expressible as hypergeometric functions).
In this case we can also determine the normalization of the states. Taking the norm of the left and right sides in (2.17) and using the fact that φ n,w is normalized we obtain
So the norms ||φ n,m || 2 are determined as the coefficients of the expansion of the left hand side in ww. Putting everything together we obtain the normalized Landau level n angular momentum eigenstates
As a check, the top and bottom states are recovered as φ n,2B+2n ∼ z 2B+n /(1 + zz) B+n and φ n,0 ∼z n /(1 + zz) B+n with the correct normalization factor as in (2.15).
The planar limit
Up to now the radius of the sphere was set to 1, but an arbitrary radius R can be reinstated through the rescaling
(the extra factor of 2 is included in z to map it to the standard complex coordinate
x + iy on the plane). In the planar limit, R → ∞, magnetic factors in the wavefunctions and the lowest angular momentum state φ n,0 in Landau level n become
Bzz as they should. The operators J i in (2.5), on the other hand, scale as
So in the limit R → ∞ the operators b ± = J ± /(2R) and L 3 = J 3 + R 2 B become the standard planar magnetic translation and angular momentum operators (in one definition of L 3 )
Acting with b + on φ n,0 produces the other degenerate states at this level. The highest angular momentum state on the sphere φ n,2n+2B , on the other hand, sits at the south pole and is pushed to spatial infinity in the planar limit.
Finally, the generating function (general state) (2.16), upon scaling w → w/(2R) as for z, becomes the usual Landau level n coherent state
An operator reformulation of the energy eigenvalue problem
We now reformulate the energy eigenvalue problem by applying a similarity transformation that maps the Hamiltonian to an operator with simple eigenfunctions and eigenvalues. We present here the derivation for a single particle in a magnetic field, but the method will also be applicable to anyons.
The single particle case
We write the HamiltonianH in (2.7) acting onφ = (1 + zz) −B φ as
where the operators D and A satisfy
We now expressφ in terms of a new wavefunction ψ through
with a n (D) functions of the operator D alone, and demand that
That is, the Hamiltonian acting on ψ iŝ
and is clearly diagonalized by
Substituting the expansion (3.2) in (3.3) and using (3.1) we obtain
Putting the coefficient of each power A n to zero gives the recursion
Assuming a 0 (D) = 1, (3.4) can be solved to yield
The operator (3.5) apparently has singularities when acting on functions for which 
with b n (D) = a n (D + n), we get
which has no singularities when acting on u n with n ≥ 0.
This defines the operator F in (3.6) . Its explicit form can be written in terms of hypergeometric functions but we will not need it. The original Hamiltonian relates tô H by the overall similarity transformationF = (1
The angular momentumĴ i acting on ψ,Ĵ i = F −1J i F, can be calculated aŝ
We observe that the single operator ∂ u inJ + outside of D disappeared. It follows that eigenstates ofĤ andĴ 3 are simply u n z m .Ĵ ± acting on them change the degree m in z by ±1 while they leave the degree n in u intact, as they should, sinceĴ ± commute with the Hamiltonian. We point out, however, that the normalization of these states is nontrivial as it involves the operatorF.
Comparison: one particle on the plane
It is instructive to look at the operator reformulation for a particle on the plane coupled to a magnetic field. We will use the complex coordinates z = x + iy as no coordinate redefinition is needed here, u becoming z in the planar limit. In the 'magnetic gauge'
the Hamiltonian acting onφ is
where we defined, as in section 3.1,
The corresponding planar operator F can be found explicitly
such that
The Hamiltonian is diagonalized by z n z m with E = Bn. We recognize the Landau level construction in the standard coherent state representation, with the operator F performing a similarity transformation of the magnetic creation operator a + into z.
So what was done in section 3.1 can be interpreted as identifying a similarity transformation that realizes creation and annihilation operators on the sphere aŝ
The states on the sphere, however, are not in one-to-one correspondence with those on the plane: the operators F and F −1 are not Hermitian and do not preserve the normalizability properties of states. Soâ − andâ + may act on a normalizable state and give a non-normalizable one or vice versa. We know that this must happen, as the number of states in each Landau level is finite and different from other levels.
This means that the annihilation operator may produce non-physical states and the creation operator may not produce all the states. In the end, the states found in the operator formulation have to be checked for normalizability and completeness.
The anyon case
We now turn to the problem of interest, N anyons on the sphere in a magnetic field.
General formulation and quantization conditions
The general formulation of two-dimensional anyons is well known. There are two different (but dynamically equivalent) ways to describe them:
-The "regular gauge," in which the wavefunction of anyons is single-valued (and bosonic by convention) but the Hamiltonian includes a statistical gauge field produced by a statistical magnetic flux −2πα carried by each particle, which introduces interactions between the particles. α ∈ [−1, 1] is the statistics parameter.
-The "singular gauge," in which the Hamiltonian keeps the same form as for free particles but the wavefunction is multivalued and acquires a phase e iπα upon exchanging any two particles on a counterclockwise (positive) path that does not include other particles.
The two formulations are related by a singular gauge transformation that shifts the burden of encoding statistics from the Hamiltonian to the wavefunction or vice versa.
We will use "the singular gauge" formulation, as it will allow us to work with the free Hamiltonian without any modifications in its form. Before proceeding, though, we will address the issue of the quantization of the anyon parameter α on spaces with nontrivial topology in the presence of a magnetic field, and in particular on the sphere.
The statement "a counterclockwise path that does not include other particles" in the definition of the statistical phase becomes ambiguous on compact manifolds [10] .
In the case of the sphere, winding a particle around another one in the positive direction can equivalently be seen as winding it around the remaining N − 2 particles in the negative one. In the absence of a magnetic field these two phases should be equal, which gives
Note that if we assume a Dirac string brings in the statistical fluxes through a single point on the sphere, then the particle will pick up an additional phase ±2π(N − 1)α from the Dirac string of the other particles, depending on which side of the particle's trajectory the string lies, making the two phases equal. No quantization is required, but the Dirac string is observable. The quantization condition (4.1) ensures that the Dirac string is unobservable and restores isotropy.
When there is also a magnetic field with total flux Φ = 4πB we may again assume that a Dirac string brings in the magnetic flux through some point on the sphere, which would be observable for noninteger Φ/(2π). Assuming that there are no other special points on the sphere, winding a particle around the Dirac string in the positive direction is expected to contribute a phase e −iϕ to the wavefunction. The same loop can be seen as a clockwise loop winding around the remaining N − 1 particles in the complementary area on the sphere, and it should contribute a phase −Φ + 2π(N − 1)α, the first being the dynamical phase due to the magnetic field and the second the statistical anyon phase. Consistency requires
In other words, the anyonic nature of the particles has changed the strength of the Dirac string. As already alluded to, we may visualize this by assuming that the total statistical magnetic flux −2π(N − 1)α seen by each particle is entering the sphere through the same Dirac string as the dynamical magnetic flux, thus contributing to its strength.
Finally, we may demand that there be no observable Dirac string, such that rotational invariance be preserved. In that case e −iϕ = 1 and therefore
This is the combined magnetic monopole-anyon quantization condition on the sphere, with M the monopole number. For B = 0 we recover the previous quantization condition (4.1) and for α = 0 or 1 (bosons or fermions) we recover the standard Dirac monopole quantization condition. We stress that (4.2) is not a requirement for consistency of the quantum theory, but rather for isotropy (rotational invariance). If we accept the existence of (at least) one special point on the sphere then no quantization is required and the rotation symmetry is reduced to the component of the angular momentum along the axis through this point (J 3 , for the south pole).
The quantization condition (4.2) can also be recovered directly from the angular momentum algebra of the anyon system. In the singular gauge all operators retain their noninteracting particle form, so the angular momentum operators in projective complex coordinates z i ,z i are
These operators act on the multivalued anyonic wavefunction φ. The corresponding single-valued wavefunctionφ is related to φ by the singular gauge transformation
φ is nonsingular and bosonic, the Jastrow-type gauge prefactor implementing anyon statistics, and has the same normalization as φ, since the prefactor is a pure phase. The angular momentum operators acting onφ becomẽ
and are identical to the standard angular momentum operators for noninteracting particles but for a modified magnetic fieldB
Since the operators (4.3) act on single-valued wavefunctions with the standard normalization condition, for the angular momentum algebra to close on physical states the magnetic fieldB must obey the monopole quantization condition. Setting 2B = M,
with M an integer, we recover the quantization condition (4.2).
We also point out that a parity transformation z →z flips the sign of both the magnetic field B and the anyon parameter α. Therefore, only their relative sign is of relevance in deriving the spectrum. In the sequel we use the same convention B > 0 as in the previous sections.
Interlude: anyons on the plane
It is instructive to consider anyons on the plane in the presence of a magnetic field.
This will serve as a counterpoint to the sphere and will help us appreciate the challenges imposed by the spherical geometry.
The Hamiltonian for N non-interacting particles on the plane in a magnetic field B > 0 in the symmetric gauge is
(we recall that z = x + iy on the plane corresponds to twice the projective z on the sphere). Extracting a magnetic factor from the wavefunction
and suppressing the ground state energy NB/2, the Hamiltonian acting onφ becomes
This gives rise to the standard Landau level structure. Lowest Landau level (LLL) wavefunctionsφ are analytic in z i . Higher Landau level states are obtained through the action of magnetic creation and annihilation operators
Note that the energy gap between Landau levels is 2B, due to the choice of mass m i = 1/2. Degenerate states within each Landau level are mapped to each other through the magnetic translation operators
(compare with (2.18), which holds for the original wavefunction φ). For identical particles only particle-symmetric combinations of the operatorsã i± andb i± can act on states.
For anyons the Hamiltonian (4.4) remains the same but the wavefunctions are multi-valued. One approach is to work from the "bosonic end": definẽ
where g is single-valued and bosonic and ∆ is the Vandermonde of {z i }. Then the action of the Hamiltonian on g is
The additional term proportional to α appearing in H g is of crucial importance: when it acts on polynomial wavefunctions in {z i ,z i } it lowers the degree in both z i andz i variables by 1. If the result is again a polynomial, the action of H g on eigenstates ofH
is of triangular form and can be readily diagonalized giving the same eigenvalues.
However, the resulting term is not guaranteed to be a polynomial. There is a restricted set of polynomials g for which this will be the case, and these give rise to a subset of analytic eigenstates with the same eigenvalues as in the bosonic case (see [11] for a complete treatment). We refer to these states as "analytic" states (they are usually called "linear" states in the literature, as they would contribute an energy linear in α in the presence of a harmonic oscillator potential). Note, further, that if α < 0 then k + 2m must be positive, which excludes states with k = m = 0.
A different set of explicit states can be obtained by starting from the fermionic end:
where, now, f is single-valued and bosonic. The Hamiltonian on f becomes
Apart from the last constant term we have a similar situation as before but with the roles of z i andz i reversed. Again, a subset of polynomial states can be obtained that are distinct from the previous ones, since their analyticity properties differ, and they also contribute a constant α-dependent term in the energy. For a large number of anyons N these are highly excited states. We call these "anti-analytic" states.
The full set of solutions, in general, includes also nonpolynomial states with energy that depends nontrivially on α and whose explicit form is not known. Remarkably, the N = 2 problem can be exactly solved: the set of analytic and anti-analytic states exhausts the space of solutions. The easiest way to see it is to move to relative and center of mass coordinates
The Hamiltonian becomes the sum of two single-particle magnetic Hamiltonians.
For factorized wavefunctions Φ(Z,Z)φ(z,z), anyon statistics affects only the relative part. Focusing on φ(z,z) and extracting the usual magnetic exponential factor, we define analytic-type wavefunctions
with g bosonic. It is clear that the additional operator in the Hamiltonian will produce a regular function when it acts on monomials of the form
the first condition on m, n arising from the regularity requirement and the second from the bosonic nature of the wavefunction.
Correspondingly, we may define anti-analytic states of the form
In this case, it is clear that the additional operator in the Hamiltonian will produce a regular function when it acts on monomials of the type
Altogether, including also the anyonic prefactor and the magnetic factor, we obtain as the set of acceptable solutions for the relative wavefunction φ φ n,m = e 4.5) which are all regular, since n ≥ 1 in the anti-analytic case, and span all possible values of m, n. In the α → 0 and α → 1 limits they reproduce the full set of bosonic and fermionic wavefunctions, respectively. Therefore, by continuity, they span the full set of solutions for any α.
Energy eigenstates are linear combinations of the states (4.5), with the highest power ofz determining the energy. The lowest angular momentum state on each level is
Note that the energy of even Landau level states is α-independent, while the energy of odd Landau level states decreases linearly with α.
The fact that the two-anyon problem is exactly solvable on the plane would make one expect that it is also solvable on the sphere. Unfortunately, as we will demonstrate, the sphere introduces extra complexity and this is not the case.
Operator solutions for anyons
We now return to the problem of anyons on the sphere and apply the operator approach developed in the section 3.
Consider N anyons in the singular gauge with wavefunction φ. As for a single particle, define a many-body anyonic wavefunctionφ that includes the magnetic factor
withH i the one-body Hamiltonian (2.7) acting on particle i. Now consider a similarity transformation F of the factorized form
with each F i as in (3.6), acting on particle i, and ∆ the Vandermonde of {z i }. Under F(α) the wavefunctionφ is mapped tõ
where ψ is now single-valued and bosonic. Theñ
since D i does not act on ∆.
So the redefined Hamiltonian is a sum of one-body Hamiltonians and acts on a regular, bosonic wavefunction. It is therefore diagonalized by symmetrized products of one-body eigenstates
with energy
This, however, cannot be the full story. If it were, the anyon spectrum would be α-independent. Indeed, we know that F acting on some states can produce nonphysical states. Also, on the plane some excited states behave as ∏ i<j (z i − z j ) 1−α near coincidence points, implying a bosonic wavefunction ψ in (4.7) that behaves as
, which is single-valued but nonanalytic and would not be captured by any finite combination of states (4.8) .
The operator formulation serves mainly to identify a class of states that can be analytically obtained, and to present a systematic way to derive their form. These states arise from the family of states (4.8) upon acting with F(α).
Since not all such states are physical, so they do not form a complete set. To distill the analytic states we need to address the issue of which of the states produced by the action of F(α) are actually physical. This will be addressed in the next section.
The anti-analytic sector
Before considering analytic states we briefly discuss the difficulty with the analogs of 
However, (u i − u j ) 1−α does not commute with D i and D j and thus (4.10) fails to produce a simple Hamiltonian. The near-symmetric role of z andz on the plane does not carry over to the sphere.
To address this, we note that the Hamiltonian (2.4) is symmetric under the parity (4.11) (up to a constant shift −2B). So we can perform a wavefunction redefinition analogous to (2.6) and a corresponding coordinate redefinition
The resulting formulae are the same as in section 3.1 but with the exchange (4.11) 
with the difference that for the action of the operator F to be well-defined the argu-ments of the Gamma-functions in (4.12) must be positive. This will happen if
So, redefining n i = n i + 2B, n i ≥ 0, the energy becomes
as in (4.9) . This is a rather "awkward" way of producing the eigenstates. For example, the single particle ground stateφ = 1, which was generated by ψ = 1, is now generated by the lowest energy state with
and sinceφ = (1 + zz) B φ = (1 + zz) 2B φ, we finally recoverφ = 1.
Note, also, that in the planar limit this method fails for all states: it essentially constructs states starting from the south pole and working upwards, and such states become ill-defined on the plane. In fact, it amounts to the transformation φ = e Bzz/4 φ = e Bzz/4 e 1 B ∂∂ ψ which corresponds to redefining the wavefunction with a diverging Gaussian and then applying F = exp(∂∂/B), as in section 3.2 but with opposite signs in the exponents. It is easy to check that these transformations are ill-defined on regular wavefunctions.
Nevertheless, on the sphere F is well-defined. So, for N anyons, the operator
maps the HamiltonianH in (4.6) to the decoupled fermionic one
and we can recover "conjugate" anti-analytic states.
This construction will be refined in section 5.2. As we shall see, however, the states recovered this way are of dubious nature due to their normalizability properties. The anti-analytic states on the sphere will remain, overall, a challenging problem.
A set of exact anyon eigenstates
We come, finally, to the task of identifying anyonic solutions of the Schrödinger energy equation on the sphere. We will focus on analytically obtainable solutions, that is, states that can be written as a polynomial in the coordinates (times an anyonic factor).
General construction
We will work with the original HamiltonianH, that is, without applying as yet the
Assume that the anyonic wavefunctionφ is of the form
with ∆ the Vandermonde in {z i } and g bosonic. The action of the Hamiltonian on g is
The task is to find "acceptable" polynomial wavefunctions g such that acting on them with the second term in H g gives again acceptable states.
So far this is entirely analogous to the situation on the plane. The crucial difference, however, is that on the plane a product of acceptable states is also an acceptable state.
This helped in decomposing them into elementary Schur-type acceptable states and fully classifying them [11] . This property, however, is not true on the sphere: the "nonlinear" terms D 2 i inH can act on a product of acceptable states and produce a nonacceptable one. As a consequence, the distillation of acceptable analytic states becomes a nontrivial task.
In the sequel we will present a class of acceptable states, without claim that it necessarily contains the full set. We will consider lowest angular momentum states satisfyingJ −φ = 0, other degenerate states being always obtainable by the action ofJ + .
The proposed exact states arẽ
where
• P + and P − are polynomial bosonic or fermionic wavefunctions in {u i , z i }
• deg P({u i }, {z i }) denotes the total degree of a polynomial P in the variables {u i }, that is, the maximum of the sum of powers of u i in each monomial of P
• (n) + and (n) − represent the even and odd parts of an integer n, respectively, that is, the largest even or odd integer that does not exceed n
We can show that the action of H g onφ in (5.2) produces terms that are always of the same form. The important fact is that ∆ k can always provide a factor of z i − z k to cancel the denominator of the extra term in (5.1). This term then produces a polynomial part with degree lowered by 1 and a Vandermonde term with power also decreased by 1, therefore yielding another acceptable wavefunction, until the polynomial eventually vanishes. In the special case m = 0 and k = deg P ± − 1 we will end up with a bosonic polynomial of degree 1 without any integer powers of ∆. However, such polynomials also produce a regular term, yielding a bosonic function of degree 0, and the process stops as before. (Note that even in the case deg P − = 0, where k = −1, the above states are acceptable: a fermionic polynomial state consisting entirely of z i must contain a factor of the Vandermonde ∆, canceling the negative power.)
As a consequence, starting with a polynomial state consisting of monomials of degrees n 1 , n 2 , . . . , n N in the individual variables u i we can act with the operator F(α) (or, equivalently, explicitly perform the diagonalization ofH on this state, which is triangular in the space of such polynomials) and obtain an anyon energy eigenstate with energy eigenvalue
In particular, the angular momentum NM/2 statẽ
is the ground state of the system for α > 0. In the minimal case M = 0, B = (N − 1)α, this becomes a zero angular momentum, constant density state.The statistical flux of the anyons effectively screens the magnetic field.
Normalizability and anti-analytic states
The remaining issue is the normalizability of the states (5.2). Clearly for large enough powers of ∆, contributing powers of z i , they will be strongly divergent at the south pole z i → ∞ and will not be normalizable. To identify normalizable states we will look at the powers of one individual u i and z i in (5.2), which will determine the behavior of the normalization integral for this z i ,z i , and demand a normalizability condition.
In principle, looking at the terms in (5.2) could be misleading: the subleading terms produced by the action of F(α) (or equivalently by the successive action ofH) have the same behavior at z i → ∞ and therefore could combine to give cancellations, thus improving normalizability. In fact, this is exactly what happens in the single-particle case: ψ = u n z 2n+2B is not normalizable by power counting, yet the action of F on ψ yields the top angular momentum state φ = z 2B+n (1 + zz) −B−n (see (2.10) and (2.11)) which is normalizable.
We expect similar cancellations to occur in the anyon case. Still, some criteria of normalizability have to be imposed, since it is certain that for high enough m in ∆ k+2m+α the states will cease to be normalizable. We therefore apply the naïve powercounting normalizability condition to our analytic states, understanding that it may be too restrictive.
To determine power-counting normalizability we look at individual monomials in P ± for a given particle i (by symmetry, the choice of i is immaterial), say u a i z b i . This implies a behavior at z i → ∞ as ∼ |z i | b−a . Taking into account the powers of z i in the Vandermonde, as well as the magnetic factor (1 + z izi ) −B , the total behavior at
For the wavefunction to be normalizable, taking also into account the measure factor (1 + zz) −2 in the integral, the exponent of |z i | above has to be less that 1. We therefore arrive at the criterion that guarantees normalizability
In the absence of α this exponent is an integer and therefore has to be 0 or negative, but a nonzero α allows, in principle, powers between 0 and 1.
In general, the number of guaranteed normalizable states depends on the mag- It is instructive to consider wavefunctions that minimize the left hand side of (5.4) and see what they imply for M and N. Clearly this requires m = 0 and P ± in (5.2) to contain no z i , so b = 0. Since k in the Vandermonde depends on the total power of {u i } in P ± , the most advantageous situation is when a = k + 1, in which case k is even and the polynomial is bosonic of the form ∑ i u 2l+1 i
. We obtain the wavefunctioñ 
Conclusions
The spectrum of anyons on the sphere in the presence of a magnetic field proved to be a surprisingly challenging and nontrivial problem, even in the 2-body case, unlike the planar case. We were able to find a set of explicit energy eigenstates. However, the identification of the full set of analytic solutions is a complicated task. In fact, for each value of the magnetic field there is a finite set of analytic solutions, due to the normalizability condition. This leaves the possibility that there are as yet undiscovered analytic states, perhaps with nontrivial energies.
The basic hope behind our elaborations has been that an appropriate subset of anyon states on the sphere would map to the states of the Calogero-Sutherland model.
This hope remains, at this point, unfulfilled. The energies of the exact states that we uncovered are essentially the sum of single-particle energies on the magnetized sphere. These are of the form states. However, in the limit of large radius R the plane results should be recovered.
A perturbative analysis starting from the plane and treating the curvature 1/R 2 as a perturbation parameter may shed some light on the fate of these missing states. This and other issues related to the spectrum of two anyons on the sphere remain interesting topics for future investigation and will be treated in an upcoming publication.
